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Minimal surfaces in $AdS$ space and gluon scattering amplitudes









de Sitter (anti-de Sitter; $AdS$ )
$AdS$





$SU(2)$ $\cross U(1)\cross SU(3)$
(






5 de Sitter 5 $(AdS_{5}\cross S^{5})$ 4
(Minkowski) $(\mathcal{N}=4)$ $SU$ $(N_{c})$
$\mathcal{N}=4$
(conformal field theory; CFT) $AdS/$CFT
[1] $AdS/$CFT [2, 3]
$AdS/CFT$ $SU$ $(N_{c})$ ( ) $N_{c}$
$g_{YM}$ ’tHooft
$\lambda:=g_{YM}^{2}N$ (1.1)
$N_{c}\gg 1,$ $\lambda$ : (1.2)






’t Hoofl / /
/
:














































$W(C)$ $=$ Tr $\mathcal{P}\exp[\oint_{C}A_{\mu}(x)dx^{\mu}]$
$:= \sum_{n=0}^{\infty}R\int_{s_{i}>s_{i+1}}\prod_{i=1}^{n}A_{\mu_{i}}(x(s_{i}))\frac{dx^{\mu_{i}}}{ds_{i}}ds_{i}$ . (1.4)
$s$ $C$ $\mathcal{P}$ (path order) Tr (
$)$ Wilson
$AdS/CFT$ Wilson $\langle W(C)\rangle$
$AdS$ ( ) Minkowski $C$




























$\mathcal{M}$ $\sim$ $e^{-S}$ $=$
$e^{-\frac{\sqrt{\lambda}}{2\pi}}$ (Area)
$($2.1 $)$
$S$ $\lambda$ $t$ Hooft (Area) $AdS$
2
4
2 $AdS$ ( )
$AdS$























$(\begin{array}{ll}Y^{-1}+Y^{4} Y^{1}+Y^{0}Y^{1}-Y^{0} Y^{-1}-Y^{4}\end{array})=\frac{1}{\sqrt{2}}(\begin{array}{ll}e^{\tau+\sigma} e^{\tau-\sigma}-e^{-\tau+\sigma} e^{-\tau-\sigma}\end{array})$ , (2.5)
$Y^{2}=Y^{3}=0,$ $z=\tau+i\sigma$
Poincar\’e :
$Y^{\mu}=: \frac{x^{\mu}}{r}, Y^{-1}+Y^{4}=:\frac{1}{r}, Y^{-1}-Y^{4}=\frac{r^{2}+x^{\mu}x_{\mu}}{r}$ . (2.6)
$\mu=0,1,2,3$ , $\eta_{\mu\nu}=diag(-1,1,1,1)$ $\eta^{\mu\nu}$
$AdS_{5}$
$d_{\mathcal{S}^{2}}= \frac{1}{r^{2}}(dr^{2}+dx^{\mu}dx_{\mu})$ (2.7)
$r$ $x^{\mu}$ Minkowski $r=0$
$AdS_{5}$ (2.5) $Y^{2}=Y^{3}=0$ $r$
$x^{\pm}:=x^{0} \pm x^{1}=\frac{Y^{0}\pm Y^{1}}{Y^{-1}+Y^{4}}$ (2.8)









4: ( $z$- ) 4
2,3,4
$(x^{+}, x^{-})=(\infty, 0),$ $(\infty, \infty),$ $(0, \infty)$ $z$-





































































$N_{a}= \frac{1}{2}e^{\alpha}\epsilon_{abcd}Y^{b}\partial Y^{c}\overline{\partial}Y^{d}, e^{2\alpha}=\frac{1}{2}\partial\vec{Y}\cdot\overline{\partial}\vec{Y}$ (3.2)
$\vec{Y}$ . $\vec{Y}=-Y_{-1}^{2}-Y_{0}^{2}+Y_{1}^{2}+Y_{2}^{1}$ . $\epsilon_{abcd}$ Levi-Civita
(2.4) $4\cross 4$ $U_{z}$ ,
$(\partial+U_{z})q=(\overline{\partial}+U_{\overline{z}})q=0$ so(4) $\sim \mathcal{S}u(2)\oplus su(2)$
4 2 ( )
$\zeta$ :
$0=(\partial+B_{z})\psi=(\overline{\partial}+B_{\overline{z}})\psi$ , (33)






$D_{\overline{z}}\Phi_{z}=D_{z}\Phi_{\overline{z}}=0, F_{z\overline{z}}+[\Phi_{z}, \Phi_{\overline{z}}]=0$ (3.6)
$D$ $D_{\alpha}\Phi_{\beta}=\partial_{\alpha}\Phi_{\beta}+[A_{\alpha}, \Phi_{\beta}]$ $F_{\alpha\beta}=\partial_{\alpha}A_{\beta}-$
$\partial_{\beta}A_{\alpha}+[A_{\alpha}, A_{\beta}]$ 4
$su(2)$ Hithin $A_{\alpha},$ $\Phi_{\alpha}$
$0=\partial\overline{\partial}\alpha-e^{2\alpha}+|p(z)|^{2}e^{-2\alpha}$ (3.7)
$\sinh$-Gordon
(3.3) $\psi_{1},$ $\psi_{2}$ $\Psi=(\psi_{1}, \psi_{2})$ (
)









$|w|\gg 1$ $\hat{\alpha}$ 2n-




$|w|\gg 1$ $w\sim z^{n/2}$ $w$- 1
z- $n/2$ ( 7) 2






$z$- 1 $w$- ${\rm Re}(w/\zeta+\overline{w}\zeta)>0,$ ${\rm Re}(w/\zeta+$
$\overline{w}\zeta)<0$ (Stokes )





$(e^{w/\zeta+\overline{w}\zeta}, 0)^{t},$ $(0, e^{-(w/\zeta+\overline{w}\zeta)})^{t}$
$\psi(\zeta;z)\sim b_{i}(\zeta;z)+s_{i}(\zeta;z)$ (3.11)
$s_{i}$
$s_{i}\wedge s_{j}:=\det(s_{i}, s_{j})$ (3.12)
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Stokes Stokes
$\frac{x_{ij}^{\pm}x_{kl}^{\pm}}{x_{ik}^{\pm}x_{jl}^{\pm}}=\frac{(s_{i}\wedge s_{j})(s_{k}\wedge s_{l})}{(s_{i}\wedge s_{k})(s_{j}\wedge s_{l})}(\zeta)=:\chi_{ijkl}(\zeta)$ (3.13)
$x_{ij}^{\pm}:=x_{i}^{\pm}-x_{j}^{\pm}$ , $x^{+}$ $\zeta=1_{\backslash }$





$T_{2k+1}:=(s_{-k-1}\wedge s_{k+1}) , T_{2k}:=(\mathcal{S}_{-k-1}\wedge s_{k})^{+},$
$Y_{s}:=T_{s-}{}_{1}T_{s+1}$ (3.14)
$T$- $Y$- : $f^{\pm}(\zeta)$ $:=$
$f(e^{\pm i\pi/2}\zeta)$ $Y_{2k}=-\chi_{-k,k,-k-1,k+1}$ $Y$-
(3.12)
$s_{i}\wedge \mathcal{S}j$









$\log Y_{2k}\sim\frac{Z_{2k}}{\zeta}, Z_{s}=\oint_{\gamma_{s}}\sqrt{p}dz$ (3.18)
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o—–0
1 2 3 n-3
8: $Y$- $A_{n-3}$ Dynkin
$Y$- $Y$- (3.17)
:
$\log Y_{s}(\theta)=-m_{s}\cosh\theta+\sum K_{sr}*\log(1+Y_{r})$ (3.19)
$(\mathcal{S}=1, \ldots, n-3)$ . $Y_{0}=Y_{n-2}=0,$ $\theta:=\log\zeta,$ $m_{s}:=2Z_{s},$ $K_{sr}(\theta):=I_{sr}/\cosh\theta$
$*$ $f*g= \int\frac{d\theta’}{2\pi}f(\theta-\theta’)g(\theta’)$ $I_{sr}=\delta_{s,r-1}+\delta_{s,r+1}$ $A_{n-3}$
(incidence) $Y$- $A_{n-3}$ Dynkin
( 8) (3.19) $m_{s}$
2
TBA [26] $AdS_{3}$
(3.19) sine-Grodon (homogeneous sine-Gordon; HSG) [27]
2 TBA [11]
TBA (3.19) $Y$-
$A$ (Area) $=$ $4 \int d^{2}ze^{2\alpha}$










HSG 2 TBA $Y$-
$Y_{s}$
$\theta$
$n=.7$ $Y_{1}$ $\theta=-\pi i/2,0$ 1,5,6,7
:




















10 10 4 $Y$-
$A_{free}= \sum_{s=1}^{n-3}\int_{-\infty}^{\infty}\frac{d\theta}{2\pi}|m_{s}|\cosh\theta\log(1+\tilde{Y}_{s}(\theta))$ (3.27)
$m_{S}=e^{i\varphi_{S}}|m_{S}|$ $Y$-


















11: 4 2 10
/ (infra-red; $IR$)
/ $m_{8}arrow 0$ 2






2 [20,21], 3 [28]
(2.3 )
$m_{s}arrow 0,$ $\infty$ TBA
CFT/$UV$/ $m_{s}arrow 0$ TBA









HSG (n–2)2/[u$\hat{}$(1)]n-3 2 HSG
$AdS_{3}$ 2n- $\hat{su}(n-2)_{2}$

















1 2 3 1
Ml M2 $arrow^{S}$ $M\vdash t$
12: $\hat{su}(N)_{k}/[\hat{u}(1)]^{N-1}$ HSG
$k-1$ $M_{s}^{a}=$
$( \sin\frac{\pi a}{k}/\sin\frac{\pi}{k})M_{S}$ $A_{k-1}$
$M_{S}$
s $M_{s}=\tilde{M}_{S}M$ $\hat{su}(n-2)_{2}/[\^{u}(1)]^{n-3}$
HSG 1 12 8 $A_{n-3}$ Dynkin
TBA 2 CFT$/UV$
(3.23) $CFT/UV$
( ) : (4.1)
CFT
(conformal perturbation theory; CPT)
HSG
















(central charge) 2 $A_{periods}$
$\Phi$
$f_{n}^{(2)}= \frac{\pi}{6}C_{n}^{(2)}\kappa_{n}^{2}G^{2}(\tilde{M}_{s})$ $C_{n}^{(2)}=3(2 \pi)^{2(n-4)/n}\gamma^{2}(\frac{n-2}{n})\gamma(\frac{4-n}{n})$ ,
$\gamma(x)$ $:=\Gamma(x)/\Gamma(1-x)$ , $G(M_{S})$
$\langle\Phi(x)\Phi(0)\rangle=G^{2}(\tilde{M}_{S})|x|^{-4\triangle}$ (4.4)
2 $\tilde{M}_{s}$-
4.3 $\Delta A_{BDS}$ $T$- $g$-
$\triangle A_{BDS}$ (3.22) $Y$-
$Y$- $T$- (3.14) $T$-/$Y$- (3.16), (3.17) $\triangle A_{BDS}$
$c_{i,j}^{\pm}$ $T$-
















4.4 $T$- $\Delta A_{BDS}$























$A_{free}$ $\triangle A_{BDS}$ $2n$-
$CFT/UV$ :
$R_{2n}=R_{2n}^{(0)}+l^{\frac{8}{n}}R_{2n}^{(4)}+\mathcal{O}(l^{\frac{12}{n}})$ . (4.13)
$R_{2n}^{(0)} = \frac{\pi}{4n}(n-2)(3n-2)-\frac{n}{2}\sum_{s=1}^{(n-3)/2}\log^{2}(\frac{\sin(\frac{(s+1)\pi}{n})}{\sin(\frac{s\pi}{n})})$ ,
$R_{2n}^{(4)} = \frac{\pi}{6}C_{n}^{(2)}\kappa_{n}^{2}G^{2}(\tilde{M}_{s})-\frac{n}{4}[\sum_{s=1}^{(n-3)/2}A_{n,s}-2(\frac{t_{(n-3)/2}^{(2,0)}}{t_{(n-3)/2}^{(0,0)}})^{2}\sin^{2}(\frac{\pi}{n})]$ (4.14)




$x_{i}arrow x_{i+1}$ , $Y$-
$Y_{S}^{[k]}arrow Y_{S}^{[k+1]}$ $\mathbb{Z}_{2n}$-
$t_{S}^{(3,0)},t_{s}^{(2,2)},$ $t_{S}^{(4,0)}$ $R_{2n}^{(4)}$ $t_{1}^{(2,0)}$ $\kappa_{nG}$
$m_{S}$



































































4 $(\mathcal{N}=4)$ $SU$ $(N_{c})$ /
$AdS/CFT$ $AdS_{5}\cross S^{5}$ 1
$t$ Hooft $\lambda=g_{YM}^{2}N_{c}=R^{4}/(\alpha’)^{2}$
$N_{c}arrow\infty$ $t$ Hooft $\lambda\ll 1$
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